The recent development of the world's first robotic insect capable of vertical takeoff at the Harvard Microrobotics Lab has sparked research efforts into devising similar vehicles capable of untethered flight. The vehicle design has been extended in simulation to use one actuator per wing to produce sinusoidal flapping motion in a plane. This work proposes employing a generic triangular wave to generate the flapping wing stroke angle. The resulting expressions for the wing beat cycle-averaged aerodynamic forces and moment are significantly simpler than those computed using sinusoidal waveforms, thus easing algebraic manipulation and analytical analysis. Wing beat parameters are employed as control inputs, affecting the cycle-averaged aerodynamic forces and moments. The resulting control authority is assessed analytically. A five degree-of-freedom control design is devised and used to control a six degree-of-freedom simulation of the vehicle. The simulation model is driven by the instantaneous aerodynamic forces and moments; and the cycle-averaged expressions are only used for control design. Three sets of wing beat parameters are used as control inputs to illustrate the freedom in control design and implementation. One mimics the sinusoidal waveform studies cases. The others illustrate how amplitude modulation can replace frequency modulation to achieve comparable performance results.
I. Introduction
In recent years, the study and mimicry of flapping wing insects and small birds has become of particular interest to the scientific community. In particular, biological study has shown that insects possess high maneuverability and robustness, which are desirable for small search and reconnaissance vehicles. Biological researchers such as Ellington The work in this study builds on the aerodynamic and control authority research performed by Oppenheimer Here, a modulated triangular wave is used to drive the flapping of the wings instead of the modulated cosine wave used in previous work.
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Near triangular wave motions have also been observed in nature and were used by Dickinson when analyzing the aerodynamic forces on a physical analog of an insect wing.
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The somewhat simpler analytical expressions for the aerodynamic forces facilitate great freedom
II. Aerodynamic Model
Blade element theory is used to derive the aerodynamic forces for the triangular wing with two-degreesof-freedom, and follows the work of Doman, et al. 6 The degrees-of-freedom are the wing angular deflection in the stroke plane, i.e., stroke angle φ(t), and angular displacement of the planform about the passive rotation hinge joint, which is equivalent to wing angle-of-attack, α, in still air. The lift and drag due to the wings were previously derived in the work of Doman, et al., 6 and are merely summarized here. The aerodynamic model presents a trade-off between simplicity and fidelity, with an emphasis on computational and analytical tractability. The following are the key simplifying assumptions made for the model: 5, 6 • There are no aerodynamic interactions between the left and right wings.
• There are no aerodynamic interactions between the wings and the fuselage.
• The two dimensional sectional aerodynamic coefficients are known and constant throughout each stroke.
Three dimensional and unsteady effects from leading edge vortex and wake phenomena are not present.
• The passive wing rotation joint is on a limit when the wing angular velocity in the stroke plane is non-zero.
• The air mass surrounding the vehicle is quiescent.
• Aerodynamic forces and moments are the sole result of wing motion.
• The bandwidth of the piezoelectric actuators exceeds the wing beat frequency. Integrating the elemental lift and drag over the wing span yields, respectively,
where ρ is air-density and I A is the area moment of inertia of the planform about the root. The lift and drag coefficients are computed using an empirical formula devised by Sane and Dickinson, 
where α is in degrees. For brevity, the time-invariant parameters in the lift and drag are collectively denoted as follows
The relationships between the body, roots, spars, upstroke planform, and downstroke planform axes systems are established in Ref. 6 . The lift and drag contributions of each wing are transformed into the bodyaxis coordinate frame. Recall that the lift is defined as the component of aerodynamic force perpendicular to the relative wind, while the drag is defined as the component parallel to the relative wind. Under the assumption that the air mass is quiescent, the wind is parallel to the stroke plane, which is coincident with the x − y planes of the local spar frames. The lift and drag forces are, therefore, conveniently expressed in the spar coordinate frames and can be transformed into the body frame using appropriate rotation matrices. The aerodynamic forces associated with each wing and stroke are summarized in Table 1 . The subscripts denote which wing and which stroke direction the force vector refers to: RW and LW denote right and left wing respectively, whereas u and d denote the upstroke and downstroke respectively. The superscript denotes the reference frame in which a vector is expressed. In particular, RWS and LWS denote the right and left spar frames respectively and B denotes the body-axis coordinate frame.
The moments produced by the aerodynamic forces, expressed in the body-axis coordinate frame, are also available in Ref. 6 . The center-of-pressure is first expressed in the body frame, as summarized in Table 2 , where (x Table 1 : Aerodynamic forces expressed in the local spar and body frames.
RW Downstroke
denote the position vectors from the center-of-gravity to the origin of the right and left wing root coordinate systems respectively, where w is the width of the vehicle. The expressions for the aerodynamic moments can now be computed using the cross products
The moments are explicitly expressed in Table 3 , where
is used for brevity. Note that in this study, the x-body coordinate of the origin of the right and left wing root frames are equal, i.e., ∆x
LW , which implies that k αRW = k αLW .
III. Stroke Waveform
The vehicle is designed to mimic dipteran insect flight. The two wings are flapped in a fixed stroke plane. The term flap implies that the position of each wing oscillates, while remaining on its respective side of the vehicle, i.e., the stroke angle is within the interval (−90, 90) deg. A wing beat cycle period is the length of time it takes the wing to complete an upstroke and downstroke. The wing position in the fixed stroke plane is assumed to be controlled directly via a high bandwidth actuator. The aerodynamic forces and moments produced by each wing are related to the waveform of the wing motion. Moreover, it will be shown that the characteristics of the waveform, such as amplitude and frequency, parameterize the cycle-average forces and moments produced over a each wing beat. Such characteristics will collectively be referred to as wing beat parameters.
Previous studies utilized cosine waves to adjust the adjust the velocity of the upstroke and downstroke for a given wing beat period.
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Bias was also added to provide further control authority.
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Control authority over five DOF, all but direct side translation, was obtained by independently assigning the wing beat period, split-cycle parameter, and bias of each of the two wings. Six DOF simulations have shown the five DOF controllers to be successful when using a cosine waveform wing beat. Open and closed loop stability has been examined for some reduced order models 7 and other vehicle configurations. Table 2 : Centers of pressure expressed in the body frame. and may be problematic. Therefore, it is of interest to investigate the use of amplitude modulation and to facilitate an investigation of engineering trade-offs between manipulating different waveform characteristics with respect to control authority and performance.
Moment Body Frame Expression

RW Upstroke
In this study, an adjustable triangular waveform is used to generate the angular deflection of the wing in the stroke plane, i.e., the stroke angle. Using a triangular waveform has some advantages over a cosine waveform, such as easing the computation of the wing beat cycle-averaged forces and moments, thus making analysis more tractable. Some investigations of wing beats suggest that a triangular waveform may more closely resemble the wing motion of a real insect, 2 thus possibly allowing improved bio-mimicry and the acquisition of insect maneuvering abilities. Using a triangular waveform, the wing obtains its maximum velocity (nearly) instantaneously, hence it is reasonable to assume that the wing will obtain a passively constrained angle-of-attack more rapidly than when a sinusoidal waveform is used, thus the ideal fixed angleof-attack assumption may be more accurate. The disadvantage is that the waveform is merely continuous and piecewise differentiable, as its derivative is a square wave. The rapid transition of stroke velocity may also, in practice, excite more unmodeled dynamics than the sinusoidal waveform.
Define the continuous piecewise differentiable waveform over one wing beat, from t = 0 to t = 2π/ω, as
where
The time-derivative of φ(t) is (using one sided derivatives at the quarter end points as appropriate) Figure 2 shows an example waveform where δ < 0, η > 0, A 1 < A 3 . The waveform frequency parameters are: the stroke frequency ω, which determines the wing beat period, and the split-cycle parameter δ, which determines the balance between the up and downstroke period (the duration of the upstroke is proportional to δ). The waveform amplitude parameters are: the initial downward amplitude A 1 , the upward amplitude A 2 , the final downward amplitude A 3 , and the bias η.
Notice that the condition A 1 = A 3 is not explicitly required. This is to allow flexibility of how a continuity condition is constructed to enforce continuity between successive wing beats. For example, the A 1 amplitude can be used to enforce continuity between the current and the previous wave or A 3 can be used to enforce continuity between the current and the next wave, similar to the cosine waveform case in Refs. 4,5. Figure 3 shows an example where the A 2 = A 3 amplitude is kept constant as the bias η is changed and A 1 is adjusted to enforce continuity. This is the continuity condition used in all simulations in this study. 
IV. Definite Integrals
In order to compute the cycle-averaged forces and moments, numerous integrals need to be computed. The structure of the triangular waveform yields relatively simple computations when compared to the cosine wave case, [4] [5] [6] 8 since the rate of the stroke angle is constant over each quarter cycle. This requires only three elementary definite integrals to obtain closed form expressions for each of the cycle-averaged forces and moments. Furthermore, the structure of the expressions consists of linear combinations of terms which facilitates analysis and control allocation design.
The three elementary definite integrals needed to compute all the cycle-averaged forces and moments are
where k is a constant and [t a , t b ] is a quarter cycle interval, hence the time derivativeφ(t) is constant over the interval defined by the integration limits. The expressions for the cycle-averaged forces and moments can be cumbersome. However, by employing the following selection of variables, the expressions are shortened and their structure becomes apparent. Define the following variables,
and a select subset of their products,
The subscript · will be replaced by RW or LW to denote right or left wing parameters, respectively, as needed.
A brief analysis and observation of the signs of the variables in equations (12) is beneficial to later analysis of the cycle-averaged forces and moments expressions. The wing beat amplitudes and frequencies are strictly positive, so
Assuming that A 1 = A 2 = A 3 =: A, elementary trigonometric expansion and reduction yield
thus, for non-overlapping left and right wing strokes (|η ± A| < π/2),
Under these assumptions, substitution of properties (13) and (15) into definition (12) yields
The individual steps needed to explicitly compute each cycle-averaged force or moment will not be presented to avoid tedious repetition. However, for completeness, the following example explicitly illustrates the use of the definite integrals (10) and notation (11) (12) to compute an integral similar to those needed to compute the cycle-averaged forces and moments. Consider the following integral
This integral is similar to the one needed to compute the cycle-averaged side force. Break up the integral into quarter wavelength intervals, so the stroke angle rate is constant over each interval,
Substitution using the elementary integrals (10) yields
By substitution using the notation from defintions (11), the following expression is obtained,
which can finally be further abbreviated using definitions (12)
V. Cycle-Averaged Forces
The cycle-averaged forces are computed by integrating the instantaneous forces presented in Table 1 and dividing by the wing beat period. The cycle-averaged forces and moments are denoted by a bar over their respective instantaneous counterpart, e.g., F x B RW denotes the cycle-average of the x-body force from Table 1 . Each integration is separated into the upstroke, t ∈ [0, π ω·−δ· ], and downstroke, t ∈ [
Further separation into each quarter stroke is not explicitly performed for brevity, as the notation is tailored to represent the up-and downstroke integrals. Thus, explicit computation of the integration is omitted, as it follows from algebraic manipulation, application of the elementary integrals (10), and substitution using the notation from definitions (11) (12) .
The cycle-averaged x-body force contribution of the right wing is
Utilizing equations (10) and definitions (12) yields
Similarly the cycle-averaged x-body force contribution from the left wing can be shown to be
Both the left and right wing contributions are strictly positive. In particular, at a hover condition, where the x-body axis is normal to the surface of the earth, the forces produced by both wings act to counter the weight of the vehicle. The cycle-averaged y-force contribution of the right wing is
however, the left wing contribution has the opposite sign,
Clearly, if the stroke parameters for the right wing are equal to those of the left wing, the cycle-averaged side force is zero. If the amplitude is constant for each wing and there is zero bias, then it is easy to show that the side force is zero, similar to the cosine-wave wing beat case.
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Furthermore, if the start and end of the wing beat for each wing have the same amplitude and duration (A 1 = A 3 , δ = 0), then the respective force contributions cancel and the cycle-averaged y-force is zero.
The cycle-averaged z-force contribution of the right wing is
and similarly the left wing contribution is
The z-force contribution of the upstroke of each wing has the opposite sign of the downstroke contribution. Hence, in order to produce a net cycle-averaged z-force contribution from each wing, the upstroke and downstroke parameters need to differ. This is possible via a non-zero split-cycle parameter or amplitude modulation with A 1 = A 3 .
VI. Cycle-Averaged Moments
The cycle-averaged moments are computed with the same method as the cycle-averaged forces. The instantaneous moments from Table 3 are integrated over a wing beat period and divided by the period duration. Again, the explicit computation of the integration is omitted for brevity as it follows algebraic manipulation, application of the elementary integrals (10) , and substitution using the notation from definitions (11) (12) .
The cycle-averaged moment about the x-body axis contribution from the right wing is
Utilizing (10) and (12) yields
The left wing contribution is computed similarly but has the opposite sign
Since there is a sign difference between the left and right wing contributions, it is clear that differing the wing beat parameters between the left and right wings is needed to generate a non-zero cycle-averaged rolling moment. However, note that there is also a sign difference between the upstroke and downstroke contributions. Thus, generation of a non-zero net cycle-averaged rolling moment calls for a non-zero difference between the split-cycle parameters for the left and right wing or a non-zero difference between the amplitude for the left and right wings involving
The cycle-averaged moment about the y-body axis contribution from the right wing is
and similarly the left wing cycle-averaged y-moment is
The cycle-averaged y-body axis moment involves both terms that have the same sign on the upstroke and downstroke and terms that have opposite signs on the upstroke and downstroke. The contribution of the left wing has the same sign as the right wing. Hence, it is not as straight forward to evaluate the relationship between the net cycle-averaged pitch moment and the wing beat parameters, as it is for some of the other forces and moments. Since the left and right wing contributions have the same sign, it can be inferred that an increase of a left wing beat parameter will have the same effect on the net pitch moment as the same change to the corresponding right wing beat parameter. As a more tractable example, consider a case where the wing roots are in the same (x, y) body axis plane as the center-of-gravity, i.e., ∆z B LW = ∆z B RW = 0, the split-cycle parameters are set to zero, δ LW = δ RW = 0, and the upstroke and downstroke amplitudes are equal and constant, A 1 = A 2 . Then, the only non-zero term of the net pitch moment is the one associated with (Ω Sδ· + Ω Sσ· ). With elementary arguments and using inequalities (13) and equations (16), it is then evident that the net pitch moment is proportional to the sum of the biases of the left and right wings.
The cycle-averaged moment about the z-body axis contribution from the right wing is
The contribution of the left wing is obtained similarly but has the opposite sign,
Similar to the pitch moment, the yaw moment has terms which have either the same or opposite sign, for the upstroke and downstroke portion. However, the left and right wing contributions have opposite signs. Hence, it is to be expected that a differential between the left and right wing beat parameters is needed in order to produce a net yaw moment.
VII. Combined Forces and Moments
The expressions for the cycle-averaged forces and moments are structured as a linear combination of the {Ω Aδ· , Ω Sδ· , Ω Cδ, Ω Aσ· , Ω Sσ· , Ω Cσ· } variables, for the left and right wing, which are non-linear functions of the wing beat parameters. The coefficients of this linear combination depend on the geometry of the vehicle, the lift and drag coefficients, and the angle-of-attack. For sake of simplicity, the following assumptions are made: the left and right angles-of-attack are equal and the center-of-gravity is located on the (x, z) body axis plane of symmetry of the vehicle, i.e.,
The sum of the cycle-average force and moment contributions of the left and right wings now yields the following structure
where 
Notice that both H 1 and H 2 have full rank. In particular, the near triangular structure of H 1 makes it obvious that it has full row rank and by construction the rows of H 2 form a set of independent vectors. Thus, the product H 1 H 2 will have rank six.
VIII. Equations of Motion
Standard equations of motion are used to describe the six DOF motion of the vehicle,
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driven by the instantaneous aerodynamic forces and moments (Tables 1 and 3) as well as gravity. The equations are expressed asq
where q is the quaternion representation of the orientation of the vehicle body with respect to the inertial frame, x b is position of the body's center of gravity, v b is the velocity of the center of gravity, ω = [P Q R]
T is the angular rate vector, J b is the inertia matrix of the body, g is the acceleration due to gravity vector, and (F b , M b ) are the instantaneous aerodynamic forces and moments respectively. To be explicitly clear, no averaging is applied in the equations of motion. Cycle-averaging is only applied for the purposes of control analysis and design, not simulation.
IX. Control Design
The control strategy is based on manipulating only the wing beat parameters to obtain desired cycleaveraged aerodynamic forces and moments which force the vehicle to perform a desired maneuver. The control objective is to force the vehicle to traverse between waypoints while intermediately hovering in a neighborhood of the current waypoint. The cycle-averaged design approach implies that the controller assigns wing beat parameters only once per wing beat and holds them throughout the wing beat period, i.e., it employs a cycle-zero-order-hold on its output. The flapping wing architecture of the vehicle implies that the controlled aerodynamic forces are inherently time-varying, thus zero-error tracking of a fixed position or arbitrary trajectory is impossible. For this reason, the controller is only required to render a neighborhood of the desired position and orientation stable and asymptotically attractive. This control study will focus on introducing certain combinations of wing beat parameters, which can be shown in simulation to provide five degree-of-freedom control, that enable acceptable position and orientation tracking performance when applied to a six degree-of-freedom model. In particular, the wing beat parameters are chosen such that the controller has direct authority over all the cycle-averaged forces and moments except for the side force. Though the control allocation is performed based on cycle-averaged forces and moments, the simulation model is driven by the instantaneous aerodynamic forces and moments. It is assumed that the position, attitude, and velocities of the vehicle are available for feedback and the amplitude and frequency parameters of the wing beat can be varied, as introduced in Section III.
The control design is divided into three main parts and shares the structure which was introduced for a sinusoidal waveform driven wing beat with bias in Ref. 4 . The outer loop controller is tasked with generating a desired position and orientation trajectory to command the vehicle to traverse between waypoints, as well as compensating for not having full control authority, i.e., the use of a 5-DOF controller to control a 6-DOF model, regulating side translational error via attitude commands. The inner loop controller employs feedback to command cycle-average forces and moments which render a neighborhood of the desired position and orientation locally asymptotically attractive. Finally, the control allocation uses the cycle-average forces and moments analysis to map the commanded cycle-averaged forces and moments to wing beat parameters. This approach facilitates a modular design with respect to the choice of wing beat parameters used to manipulate the aerodynamic forces and moments. The wing beat parameters are held constant throughout each wing beat, thus the control allocation is only performed once per wing beat. For this reason, the inner and outer loop controllers only need to produce an output once per wing beat. Figure 4 illustrates the structure of the outer loop controller. The outer loop controller generates the desired position and orientation, which are expressed in the inertial coordinate frame and fed to the inner loop controller. This includes the tasks of providing desired trajectories to command the vehicle to travel between waypoints (waypoint tracking) and regulating the y-axis translation via generation of a desired yaw, since the inner loop does not directly regulate y-translation. The desired position and orientation changes due to waypoint changes are fed through second-order continuous-time filters. This is to aid in preventing generation of overly aggressive trajectories and large actuators commands. The desired orientation changes due to feedback, e.g., the side translation regulation is added after the filtering to avoid unnecessary lag. The waypoint reference generator computes a desired trajectory for the inner-loop controller based on a "roll-and-translate" approach, similar to "bank-and-turn". This general approach is to use the roll angle control to first adjust the heading angle of the hovering vehicle, such that the positive z-axis of the body frame is directed toward the waypoint. Then, the forward motion and altitude control are used to translate to the waypoint while the attitude is regulated. Hence, the desired position is the waypoint, and the desired orientation has zero pitch and yaw attitude, but the roll is determined by the desired heading. The separation of these two operations are relaxed by replacing the demand of perfect alignment of the z-body axis with requiring that the z-body axis be withinφ of pointing directly at the waypoint, creating a 2φ wide heading window. Furthermore, once the projection of the vehicle's position on the (y, z)-plane of the inertial frame is within a distancex of the waypoint, the desired orientation is not allowed to change, creating a position window of radiusx. The position window prevents the outer-loop controller from perpetually prescribing a "turn-around" command during small oscillations or overshoot near the desired waypoint.
A. Outer Loop
Due to the body frame orientation at hover, it is convenient to compute the desired orientation as a 1-2-3 rotation, denoted by the Euler angle vector Φ D I . This is comparable with common the 3-2-1 rotation for a standard aircraft at nominal flight, where the nose is directed forward along the x-axis and the z-axis is directed downward. The flapping wing vehicle at hover has its "belly" directed forward along the z-axis and the x-axis directed upward. The construction of the waypoint orientation, Φ 
and used in the error generation to compute the attitude error, presented in the inner loop Section IX.B. Without loss of generality, assume the initial position before a waypoint change is zero and the vehicle is hovering, i.e., the x-axis of the body frame is vertical. Given waypoint x I wp = (x wp y wp z wp ) T , the waypoint orientation is computed as
T and φ wp is the desired heading derived from elementary trigonometry, expressed with a four-quadrant inverse tangent (arctan(y, x) contrasts with arctan(y/x)).
The desired orientation is generated as follows vector denotes an additional attitude command generated by feedback. This vector consists of an additional yawing and pitching command used to regulate side translational error and to assist forward/backward translation, respectively. These feedback commands are explicitly presented in the inner loop controller Section IX.B. The filter G o is used to maintain differential continuity of the desired orientation after a discrete waypoint change. Note that the position condition in equation (41) depends on the difference between the position of the vehicle and the waypoint, projected on the (y, z)-plane of the inertial frame; it is not a function of the desired position, which is described below.
The desired position is computed as
where G p (·) represents a second order filter with natural frequency and damping ratio (ω x I wp , ζ x I wp ) respectively andx I wp is the value of G p (x I wp ), held from the instance when the condition (φ d −φ d ) − φ wp ≤φ was most recently satisfied. The filter G p is used to maintain differential continuity of the desired orientation after a discrete waypoint change.
The heading and position window condition in equations (41) and (42) depend on the position of the vehicle, projected on the (y, z)-plane of the inertial frame. In the case of equation (42), the dependency originates from the waypoint orientation from equation (40), which depends on the position of the vehicle. The window is set such that the controller can be tuned to render a subset of the interior of the windows attractive. Figure 5 illustrates the structure of the inner loop controller. The objective of the inner loop controller is to render a neighborhood of a given point and orientation attractive. The vehicle's position, velocity, attitude, and angular velocities are assumed to be available for feedback. They are used to compute the error between the vehicle state and the desired state. The feedback gain structure is a simplistic one, where the approach is to enforce a second-order response in each degree of freedom, considering each force and moment separately. The outputs of the feedback gains are the desired cycle-average forces and moments. The error computation receives a given desired position and orientation expressed with respect to the inertial frame coordinates, collectively referred to as the reference state. The error between the reference and actual state of the vehicle is computed and transformed into body coordinates. The feedback gain structure is based on considering each degree of freedom separately in the body coordinate frame, because expressions for the cycle-average forces and moments are available in the body frame. Computing the error in body frame coordinates is therefore consistent with the desired feedback gain structure. The velocity error is computed similarly, when the desired position is allowed to vary. The angular velocity error is approximated by the angular velocity of the vehicle in body coordinates. Clearly, if the desired orientation is constant then the angular velocities truly are the error velocities and no approximation is involved.
B. Inner Loop
The desired position, x . This algorithm fails if |θ e | = π/2, however, this is not a concern for small pitch attitude error.
The feedback structure follows the simplistic structure of viewing each degree of freedom separately. Consider the simple second order one dimensional system
It is well known that assigning u = −ω 2 n e − 2ζω nė forces the response of the system to the usual second order damped oscillatory response with natural frequency ω n and damping ratio ζ.
This simple view is applied to each degree of freedom of the system, assigning the commanded cycleaverage forces and moments a feedback structure as follows
Currently, there is little theoretical support for this approach, therefore the feedback gain structure must ultimately be considered an ad-hoc design. An alternative view is to consider the feedback gains as a sequential loop closure controller using proportional-derivative feedback, who's gains are tuned via the choice of ω ·n and ζ · . Note that the y-axis translation is not directly controlled, in the sense that there is no F y B com . Instead, the y-axis translation is regulated by injecting y e into the desired yaw assigned by the outer loop controller. Assuming a nominal F x B cycle averaged force equal to weight, mg, and zero side force, then elementary trigonometry shows that at zero pitch and roll, the force directed along the y inertial frame axis is sin(ψ)mg, or ψmg with a small angle approximation. This simplified analysis is employed to construct a desired approximate side translation force, through an added yaw command. The added desired yaw has the same feedback gain structure as the inner loop feedback, given bŷ
The y translation regulating term,ψ d , appears in the outer loop controller presentation, Section IX.A. Similarly, the following additional pitch command is generated to assist in forward and backward (z) translation
Simulations show that this term is not necessary when using split-cycle parameters as control inputs, but it is needed to achieve comparable performance results when the split-cycle parameter is not used. The feedback gains are tuned by restraining the simulation model to a limited number of degrees-offreedom during the tuning process. First, only x-axis translation is enabled, tuning the gains for F x B com . Next both x-and z-axis translation are enabled, tuning the F z B com gains. The longitudinal model also allows the tuning for M y B com . Finally, all six degrees of freedom are included and the remaining gains are tuned. Thus, degrees of freedom are gradually added to the model to obtain feedback gains which produce acceptable results.
C. Hover Condition
At hover, the vehicle's body x-axis is pointing straight up, aligned with vertical in the inertial frame. A detailed study of the one degree-of-freedom model of the vehicle using a sinusoidal wing beat waveform has been performed by Doman, et al. To maintain a (near) fixed position and attitude, the wing beat parameters at hover are set to force all the cycle-averaged moments and forces to zero, except the x-body force. The cycle-averaged x-body force is set equal to the force of gravity. This implies that at hover, all the wing beat parameters are set to zero, except for the sum of the left and right wing beat frequencies and amplitudes. The trim frequency, ω , can be determined by setting
where g is the acceleration due to gravity, ω = ω RW = ω LW , and all amplitudes equal A , the nominal amplitude. Substituting equation (37) into equation (49), then solving for ω yields
The nominal amplitude is chosen to be A = 1 rad. The hover frequency is higher for the triangular waveform than the cosine waveform 6 by a factor of π / √ 8 ≈ 1.11, assuming all other parameters are identical. Note that the hover condition is not a trim condition in the traditional sense, it is not a point equilibria. Furthermore, simulations and analytical analysis show that the condition is open loop unstable. The flapping of the wings introduces periodical perturbations to the body moments and forces and prevents any fixed position, attitude, and wing beat parameters from forming a forced equilibrium point. However, simulations support that under closed loop control, a neighborhood of the hover condition can be rendered locally asymptotically stable.
D. Control Allocation
The control allocation is structured similar to standard linear control allocation. Partial derivatives of the cycle-averaged forces and moments, taken with respect to the controlled wing beat parameters, are evaluated at a computed hover condition. The resulting matrix is used to allocate control effort to the control inputs as deviations from hover. Recall that the control inputs are held throughout each wing beat. Hence, the allocation need only perform its function once per wing beat cycle. The choice of which wing beat parameters are used as control inputs primarily depends on physical constraints, which depends on the specific design and implementation of the vehicle actuation.
Given the control input vector uand hover condition (x , u ), the control allocation problem at time t k is expressed as
where * denotes a pseudo-inverse, while the control derivative matrix, the average forces and moment vector, and the commanded average forces and moment vector are respectively denoted by, 
The rank and size of B depends on the choice of control variables, u. The control inputs are always chosen such that B has row rank five (there is no direct control of side force). When B is square, then * denotes a matrix inverse, otherwise * denotes the weighted pseudo-inverse
where W is a weighting matrix. The weighting matrix is tuned by assigning W as a diagonal matrix with elements on the diagonal which are approximately the reciprocal of the square of desired nominal values of the respective control inputs. By virtue of the structure and notation of the cycle averaged forces and moments, it is relatively easy to obtain the Jacobian matrix B. In particular, one need only take the partial derivatives of the non-linear functions in Ω with respect to u, while the parameter matrices H 1 H 2 are factored out to give
Furthermore, the structure of Ω can be utilized to ease the process of computing ∂Ω ∂u . In particular, the right wing terms are independent of the left wing parameters, and vice versa. Also, the Ω δ· , Ω σ· factors from equation (11) only depend on the frequency parameters, while A u· , C u· , S u· , A d· , C d· , and S d· depend only on the amplitude parameters and bias.
Three sets of control inputs are considered,
, where the respective notation is used. The first set, u 1 , mirrors the set used by Oppenheimer et al.
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for a sinusoidal wing beat waveform and is included as a baseline case. The second set, u 2 , eliminates the need to use separate wing beat periods for both wings and instead utilizing amplitude modulation. This may ease future analysis or implementation. Finally, the set u 3 eliminates the split-cycle parameter, supplementing with A 2 amplitude modulation and differential bias. The third set relies on an alternate consideration of the continuity condition between wing beats, that is, the adjustment of the first quarter amplitude. This adjustment brings forth couplings between bias and rolling moment, which otherwise is not apparent. Eliminating the need for split-cycle frequency modulation may help physical implementation designs, trading higher fidelity frequency manipulation for amplitude manipulation.
Assigning A RW = A i,RW , A LW = A i,LW , for i = 1, 2, 3, the control derivatives used for u 1 and u 2 are obtained from the partial derivatives 1 · 10 7.3 · 10
From the control derivatives it is evident that the sum of the left and right wing beat frequencies can be used for x-body force control and their difference, or difference in left and right amplitude, can be used for yawing moment control. The z-body force and rolling moment can be controlled via the sum and difference between the left and right wing split-cycle parameters, respectively. Finally, the pitching moment is controlled with the sum of the left and right wing biases, as well as compensating for split-cycle pitch coupling. Notice the partial derivatives with respect to the bias do not show a non-zero difference between bias of the left and right wings affecting the forces and moments. In implementation, it is impossible to freely assign all three amplitudes for each wing as that would in general cause a discontinuity in the stroke angle between successive wing beats. Therefore, the initial amplitude, A 1 , is adjusted at the start of a wing beat cycle to satisfy the continuity condition 
Computing the same partial derivatives as before but with the augmentation and evaluating it at the nominal value A − = A = 1 rad, yields Observe that the bias is now coupled with all six forces and moments, and the amplitude is coupled with pitching moment. In particular, using amplitude modulation only, it is possible to affect pitching, rolling, and yawing moments as well as z-body force. The bias can be used primarily for rolling moment and z-body force control (blended with pitching moment), using left and right wing difference and sum respectively, while the amplitude is used primarily for yawing and pitching moment control. However, from closed loop simulations it is observed that the z-body force effect seems significantly weaker than when using the split-cycle parameter. Also, including the z-body force command seemed to induce undesired effects, possibly due to undesired coupling as the amplitude is further used for pitch compensation. Hence, the outer-loop pitch command is used for forward and backward motion,θ d , replacing the commanded z-body force, in order to obtain similar performance to those obtained using split-cycle. The coupling with the y-body force is considered as a perturbation and is not directly utilized here.
E. Simulation Results
The flapping wing MAV illustrated in Figure 1 is simulated with the six DOF equations-of-motion (39), driven by the instantaneous aerodynamic forces and moments from Tables 1-3. The wing beat parameters are commanded by the control strategy described in Section IX. In particular, at the start of each upstroke of each wing, the controller is used to assign the wing beat parameters for that wing and those parameter values are held constant throughout the following wing beat. This process preserves the general triangular waveform of the wing beat stroke angle and is referred to as a cycle-zero-order-hold. The generation of the stroke angle is kept continuous by adjusting the amplitude A 1 at the start of each wing beat cycle. The stroke angle is further smoothed with a 2nd order continuous time Butterworth filter, with a cut-off frequency at 5 times the nominal hovering frequency. The stroke amplitude is amplified by a factor of 1.034 to compensate for the amplitude reduction at the hover frequency due to the filter. This produces a nominal stroke angle waveform similar to that used by Dickinson, 2 except here the angle-of-attack is fixed at its limits. The vehicle simulation parameters are the same as those used for the cosine-wave studies by Oppenheimer, et al., Table 4 , and the hover frequency is computed as 134 Hz. The triangular wave hover frequency is higher than the hover frequency for the cosine-wave studies.
Simulation results are shown for each of the three sets of control inputs defined in Section IX.D. Figure 6 illustrates the waypoints, which the vehicle is commanded to traverse, in numerical order, maneuvering between points every 2 sec. The inertial frame is oriented such that positive along the x axis is up, y axis is east, and z axis is north. The arrow shows initial position of the vehicle and the direction in which the belly of the vehicle is initially pointing (north). 
The performance is observed to be acceptable, with the position and attitude settling near the desired values.
The most significant changes in wing beat frequency occur when there are significant altitude changes. The difference between right and left frequency is being used to regulate yaw, however, the difference is too small to be noticeable on the scale of the frequency plot. The split-cycle parameter is most prominent when forward/backward translation is needed, as expected. The difference in left and right split-cycle parameter produces the roll regulation, however, the difference is relatively small and difficult to detect on the plot. The bias is employed to regulate pitch and to assist in forward/backward translation. Though it mostly consists of small oscillations to regulate the nominal pitch, noticeable transients take place during transitions between waypoints. The difference between the left and right bias is not commanded at the instances when the controller outputs are evaluated. Rather, the difference is due to the difference in left and right frequency, which causes the controller to assign the bias for the left and right wings at slightly different instances in time. The amplitude is fixed at 1 rad for this set of control inputs. Figure 8 shows the simulation results using control input set
The performance is again acceptable. There is only a slight difference in performance compared to the u 1 case. There is now a small change in the amplitude commands, which is being used primarily for yaw regulation. Notice also that the bias for the left and right wing are now always the same. This is due to the fact that the left and right wing frequencies are the same, hence the control allocation is performed for both wings at the same instance in time. Figure 9 shows the simulation results using control input set
Though the performance is still acceptable, settling to near the desired positions and attitude, there is a noticeable degradation in performance compared to the u 1 and u 2 cases. In particular, it is clear in the position trajectory that a change in position on one axis seems to perturb the position regulation on the other axes. For example, at about 5 sec where there is a change in y-inertial position, there is a noticeable transient in the z-inertial position, which is not as obvious for the other control input sets. This is to be expected as it was observed from the control derivatives that there is coupling between the now larger bias command and the y-body force and this effect is considered as an undesired perturbation. Only one wing beat frequency is used and is assigned to both wings. As can be expected, the amplitude and bias deviations are much larger than for the other control input sets, as they are required to perform more functions. In particular, the difference in left and right wing bias is now being actively used to manipulate rolling moment, hence there are significantly larger differences in left and right bias compared to the results from other control input sets. 
X. Conclusions
The analytical expressions for the cycle-averaged aerodynamic forces and moments are presented for a generic modulated triangular waveform wing beat in a fixed stroke plane. The structure of these expressions allows for the computation of their partial derivatives with respect to the wing beat parameters with relative ease, thus presenting a framework for control authority analysis for triangular wave modulation. Five DOF control laws are designed, which are shown to provide adequate performance for waypoint tracking in a six DOF simulation. The controllers produce commanded cycle-average aerodynamic forces and moments, which are allocated to wing beat parameters and are held constant throughout each wing beat cycle. The allocation is based on a Jacobian matrix of the cycle-averaged forces and moments, computed with respect to a set of wing beat parameters, and evaluated at a hover condition. It is shown that the choice of wing beat parameters is far from unique. The use of left and right frequency and split-cycle parameter, along with amplitude bias is shown as an analog to previous studies using sinusoidal waveform manipulation. In addition, it is shown that five DOF control can be achieved using the same flapping frequency for both wings and it is even possible to omit the use of split-cycle by replacing it with amplitude modulation.
